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. I n t r o d u c t i o n
Andersen and Bollerslev (1998) first stated that the volatility estimates based on intra-day returns are more accurate than those based one daily data and introduced the realized volatility.
The concept of the realized volatility is based on the integrated volatility. The integrated 
is a latent variable which is not observable. Integrated volatility's volatility named integrated quarticity is The volatility at a lower frequency is computed using data available at a higher frequency. Thus, the integrated volatility over the time interval   t t , 1  can be consistently estimated by the trading day's t realized volatility, Fractionally integrated autoregressive moving average with exogenous variables (ARFIMAX) models, introduced by Granger (1980) , were proposed to model the long memory property of the realized volatility. Ebens (1999) proposed the application of ARFIMAX models in realized volatility modelling and they, subsequently, applied by Bollerslev and Wright (2001) , Giot and Laurent (2004) , Koopman et al. (2005) and Angelidis and Degiannakis (2009) 2 See chapter 1.5 in Karatzas and Shreve (1988) and Barndorff-Nielsen and Shephard (2005) .
2 realized volatility ARFIMAX models rather than autoregressive conditional heteroskedasticity (ARCH) framework of modeling daily log-returns. Corsi et al. (2005) noted that the volatility of S&P500 index futures volatility also exhibits time-variation and proposed the estimation of an ARFIMAX model that accounts for conditional heteroskedasticity.
In the present study, an ARFIMAX model is extended to account for volatility clustering as well as for the asymmetric relation between realized volatility and volatility of realized volatility. The unobservable term of an ARFIMAX specification is modelled as an asymmetric ARCH process. The new model framework, named ARFIMAX-TARCH model, is applied for CAC40 and DAX30 stock indices. In-sample as well as out-of-sample analysis provide statistically significant evidence in favour of the new model specification. Thus, in risk management applications, the volatility's conditional volatility should be taken into consideration.
The manuscript is divided in six sections. In section 2, descriptive information of the CAC40 and DAX30 realized volatility measures is provided. Section 3 lays out the ARFIMAX and ARFIMAX-TARCH specifications. The in-sample and out-of-sample model evaluation is investigated in sections 4 and 5, respectively, and section 6 concludes.
. C A C 4 0 a n d D A X 3 0 R e a l i z e d V o l a t i l i t y P r o p e r t i e s
Tick by tick linearly interpolated prices of the CAC40 and DAX30 indices were obtained from Olsen and Associates for the period of July 1995 to December 2003. The sampling frequency should be as high as the market microstructure features do not induce bias to volatility estimator. In order to avoid market microstructure frictions without lessening the accuracy of the continuous record asymptotics, in most of the studies, such as Andersen and Bollerslev (1998), Andersen et al. (1999 Andersen et al. ( , 2001b and Kayahan et al. (2002) , a sampling frequency of five minutes is used.
The realized intraday volatility at day t is computed as in Martens (2002) [Insert Table 1 
. A R F I M A X a n d A R F I M A X -T A R C H I n t r a -D a y V o l a t i l i t y M o d e l s
An ARFIMAX  
, model for the realized volatility,
, can be presented as:
3 See for example Andersen et al. (2001a) .
x is a vector of explanatory variables and  is a vector of unknown parameters.
As, we want to investigate whether the volatility of realized volatility exhibits timevariation, the ARFIMAX model is extended to account for conditional heteroskedasticity
4 . An ARFIMAX model with time varying conditional variance for the realized volatility,
be presented as: . In our case, an asymmetric conditional variance specification is considered to account for asymmetric relationship between realized volatility and its volatility. Therefore an
-TARCH   q p, model for the realized volatility is proposed:
where   
. In-s a m p l e E v a l u a t i o n
otherwise. Parameter 2 w models the asymmetric relationship between realized volatility and previous trading day's log-return 5 . Since,
is log-normally distributed, therefore the unbiased in-sample realized volatility is estimated as:
In order to determine the optimal lag order, model (7) 
where The estimated parameters of the models that minimize the SBC criterion are reported in Table 2 . Τhe values of the parameters inform us that i) the asymmetric relation between past return and realized volatility is statistically significant in all cases (coefficient 2 w ), ii) the fractional integration parameter is statistically insignificant only for Paris stock market in the [Insert Table 2 about here] , whereas normality tests are listed in Table 3 .
Based on Lilliefors statistic, the hypothesis that Table 3 about here]
The average squared distance between realized volatility and its in-sample estimation is measured to evaluate the accuracy of the models in estimating the realized volatility:
6 The standardized residuals obey the assumption of autocorrelation absence. [Insert Table 4 about here]
. O u t -of-s a m p l e E v a l u a t i o n
In the present section, the ability of the ARFIMAX  
and ARFIMAX  
models to predict next trading day's volatility is investigated. In total, for
lag orders, 56 model specifications are considered.
Based on a rolling sample of 1000  T  trading days, each model's parameter vector  is reestimated every trading day and T one-day-ahead volatility forecasts are computed 8 , for
. The one-day-ahead conditional standard deviation forecasts are computed as:
The distance between realized volatility and next day's predicted volatility is measured by the predicted mean squared error loss function: [Insert Table 5 about here] (3), whereas the conditional variance of the logarithmic realized volatility, 9 CAC40 was analyzed for the period 1995-1999 and fifteen-minute intraday prices were taken into account. The in-sample evaluation indicates that the ARFIMAX-TARCH specification clearly outperforms the ARFIMAX one. In the out-of-sample evaluation, the ARFIMAX-TARCH model is superior to the ARFIMAX one for the DAX30. In the case of the CAC40 index, the ARFIMAX-TARCH model is not statistically inferior to its competitor.
To sum up, from econometric point of view, the daily returns standardized by i) the realized standard deviation, ii) the in-sample estimated realized standard deviation, and iii) the one-day-ahead realized standard deviation forecasts are almost normally distributed but they are statistically distinguishable from the normal distribution. The logarithmic realized volatility standardized by its standard deviation is much closer to the normal distribution than the logarithmic realized volatility but also statistically distinguishable from it.
From economic point of view, in order to obtain more accurate stock index volatility estimations, it is necessary to treat ARFIMAX models for realized volatility, and ARCH modeling for volatility of realized volatility, simultaneously. Thus, when the volatility estimation is required in financial applications, such as risk management, option pricing and portfolio analysis, the time varying conditional heteroscedasticity of volatility should be taken into consideration.
R e f e r e n c e s 1. Standard errors are reported in parentheses. a Indicates that the coefficient is statistically significant at 1% level of significance. b Indicates that the coefficient is statistically significant at 5% level of significance.
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